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Induced Forces in Annular Magneto-Fluid Dynamic Trai}e:ling‘

Wave Devices

JoserH L. NEURINGER*

Awvco Research and Advanced Development Division, Wilmington, Mass

Formulated and analyzed here is the problem of electromagnetic propagation through a
circular cylindrical traveling-wave tube, infinite in extent in both directions, and inside of
which a conducting fluid of arbitrary, but constant, conduectivity is moving axially in an annu-
lus with uniform speed U Asymptotic solutions valid for kR; < 1 and kR, > 1, where k is the
wave number and R, the inner radius, are obtained and analyzed Concentrating specifically
on the axial body force induced in the fluid, the kR; > 1 solution indicates, fixing the current
sheet input and geometry, that the magnitude of the induced axial force is a marked function
of five dimensionless parameters The most important of these is the parameter 8, which
represents the fluid magnetic Reynolds number based on wave speed and wavelength multi-
plied by the slip Fixing the remaining parameters, the body force rises linearly with g for
small 8, reaches a peak, and then, because of the inability of the electromagnetic field to
penetrate into the conductor with inecreasing 8 (skin effect), falls exponentially for large g
From the practical viewpoint, the results suggest the adjustment of the electrical and fluid
mechanical parameters so that operation occurs at those values which optimize the force
It is further indicated that, for efficient utilization and conservation of working fluid mass
and electrical enet gy, injection and acceleration take place in an annulus of the tube close to
the coils with the e¢sie region filled with laminated magnetic material of high permeability

rather than inject and accelerate throughout the entire cross section

Nomenclature

azimuthal component of vector potential

magnetic induction

magnetic intensity

electric intensity

current density

force per unit volume

dimensionless axial force per unit volume evaluated at
inner radius

outer and inner radii, respectively, of annular
traveling wave tube ‘

axial speed of conducting fluid

wave speed

number of ampere turns per unit length

wave number

circular frequency

electrical conductivity

permeability

free-space permeability

scalar potential

( —1 )1/ 2

ratio of free space to core permeability

a1 + 7oz = complex separation constant in region 2

fluid magnetic Reynolds number baged on wave speed
and wavelength

(V = U)/V =slip

Rm)\s

funections of 8

v1 4+ Zy2 = complex separation constant in region 3

core magnetic Reynolds number based on wave speed
and wavelength

funections of ¢

Euler s constant

modified Bessel functions of the first kind of order zero
and one, respectively

modified Bessel functions of the second kind of order
zero and one respectively
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v = gradient operator

8,2 = cylindrical coordinates

£,6,2 = unit vectors corresponding to the cylindrical coordi-
nate directions

14 = time

B, = real part of

1,2,3 = subscripts designating respective regions.

I Introduction

RAVELING wave mechanisms, which inductively
transfer electromechanical energy to or from a moving
conducting fluid, are suitable for an increasing number of
important and interesting applications, such as low thrust
high specific impulse plasma accelerators,!=5 a ¢ generators,®7
pumps,® * plasma heaters,”® etc The attractive feature of
these devices is that they are electrodeless eliminating all the
inherent losses and problems when electrodes are wetted by
the conduecting fluid
The operation of a typical traveling wave device may be
described simply as follows: Consider a conducting fluid of
arbitrary but constant conductivity moving axially with uni-
form speed U inside a cireular cylindrical tube (or in ‘an
annulus bounded by two concentric cylinders, see Fig 1) in-
finite in extent in both directions and of radius By Impressed
on a transmission line, in the form of a coil wound around the
cylinder, is a purely sinusoidal traveling current sheet of the
form NI expi(kz — wt)® where NI is the amplitude of the
number of ampere turns per unit length, & the wave number,
w the circular frequency, and w/k = V the wave speed If
the relative speed between the moving conductor and wave is
different from zero, than from the circular symmetry, closed
azimuthal currents will be induced in the conductor These
currents, when crossed with the radial and axial components
of the traveling B field, associated with the traveling current
sheet produce axial and radial body forces, respectively As
will become clear from the text, when V > U, the axial body
force averaged over a period is in the flow direction, and the
device is used as an accelerator or pump If V < U, the
average axial body force is decelerating, and the device, when
externally loaded, is used as a generator of alternating
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voltage Used as an accelerator, the total integrated axial
body force over the interior of the channel is a measure of the
thrust produced by the device

From the simple deseription of the interaction just described
and from the specific nature of the propagation of an electro-
magnetic field inside a conductor, one is led to the following
three conjectures concerning the magnitude and nature of the
induced axial body forces:

1) It would appear that for the given current input NI
expi(kz — wt) (actually this current form is a super-position
of the traveling current produced by the primary source and
that mutually induced back on the coils), all that is required
for the production of large body forces anywhere inside the
channel is to increase the magnitude of the currents induced
by operating with fluids of large conductivity However,
whereas the induced currents may be large in the region close
to the coils, the induced currents would attenuate rapidly
toward the axis because of the skin effect (i e, the inability
of the electromagnetic field to penetrate substantially into a
good conductor) Besides the conductivity dependence, the
induced foreces at a given radial position may also depend
strongly on the other operating parameters, ie, w, k, and U
Since large conductivity is at once aiding and hindering the
induction of large body forces over the cross section, it ap-
pears, given the geometry and current sheet input, that the
operating parameters both for the transmission line (k,w) and
the fluid conductor (o,U) (where U, for example, may repre-
sent, the injection speed into the device) may be judiciously
chosen so as to produce the largest over-all electromechanical
coupling

2) From the point of view of application to space propul-
sion, where efficient utilization and conservation of propellant
mass and electrical energy is imperative, the following sug-
gests itself: From the symmetry of the magnetic field dis-
tribution, the radial component of the magnetic field is zero
on the axis independent of the skin effect so that the induced
axial forces are zero or very small in the centerline region
This, coupled with the natural attenuation associated with
the skin effect, suggests that the most efficient way of
operating a traveling wave device is to inject and accelerate the
working fluid within an annulus bounded from above by the
coil walls and below by a solid coaxial cylindrical wall and not
to inject and accelerate over the entire cross section of the
tube

3) Having once decided to operate in an annulus, ad-
vantage can be taken of the existence of a core region to sub-
stantially increase the magnitude of the induced axial forces
This can be done by inserting into the hollow core a material
of high magnetic permeability, appropriately laminated to
prevent the flow of eddy currents Since the induced axial
force depends on the magnitude of the radial component of
the magnetic field, decreasing the reluctance in this manner
should increase the flux of the radial field component through-
out the region of the working fluid

With no restrictions whatever placed on the magnitudes
of the operating parameters, the aim of this paper is to in-
vestigate analytically the electromagnetic propagation inside
a traveling wave device whose geometry is schematically given

REGION| & O REGION 2 o o, /——EGION 30 oy YCOIL
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Fig 1 Schematic diagram of annular circular eylindrical
traveling wave tube
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by Fig 1 with particular emphasis on the nature and magni-
tude of the induced axial body force The formulation will be
general and flexible enough so that the conjectures as outlined
above may be examined and analyzed in great detail Since
the fluid is assumed to move with constant velocity through
the channel, our only assumption (besides the usually as-
sumed ones of electrical neutrality and constant fluid proper-
ties) is the uncoupling of the fluid mechanical equations from
the electromagnetic equations However, since our primary
aim is to estimate the extent to which the skin phenomenon
effects the induced forces, the variable motion of the conduc-
tor through the channel should not seriously alter the over-all
conclusions to be drawn

II Formulation of the Problem

A Derivation of the Partial Differential Equations for
the Vector Potentials

Let us refer to the schematic diagram of the circular eylin-
drical traveling wave tube shown in Fig 1 The nonconduct-
ing region with free-space permeability uo outside of and sur-
rounding the tube is designated as region 1 The annular
region between the two coaxial cylinders By and R, (R > Ry)
in which the working fluid of conductivity ¢ = o3 and perme-
ability ps = po is moving with uniform axial speed U is
designated as region 2 The core region of conductivity
o = o3 and permeability p = p; is designated as region 3
Considering region 2 first, Maxwell’s equations in mks units,
neglecting the displacement current, are

V X E: = —(0B;/0) (L
V X H; = j, (2)

and
V B.=0 (3)

Ohm’s law in region 2 is
j» = o(E: + Uz X By) @

where UZ is the constant axial velocity of the moving con-
ducting fluid From Eq (3) and axial symmetry, a vector
potential can be introduced having only an azimuthal com-
ponent, ie,

B: = V X (4:0) (5)
so that the components of Bs, in cylindrical coordinates, are
04, 10
BQT = — a’ Bzz = ; a (TAQ) Bza = 0 (6)

Substituting Eq (5) into Eq (1), and solving for E,; we
obtain, in general,

E, = —(Q4:/00)8 — V¢ (7)

where ¢, is some scalar potential Again, from the symmetry
of the problem and the condition that there are no primary
sources inside region 2, V¢ = 0  Es is then purely azimuthal
and is given by

E; = —(04,/00)b ®

The current density js is also purely azimuthal and, in terms
of the vector potential, is given, from Eq (4), by

04 049\~
jo = —oy <—2 +U ‘5)0 9

Using the constitutive relation, B, = uoH,, and substituting
Eq (5) and Eq (9) into Eq (2), we obtain the following par-
tial differential equation for A,:

024 104 A 024 o4
2 2 2 2 _ fo02 (bAz 2) (10)

o Tror T o o TV
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Similarly, the corresponding partial differential equation

for A,, in the nonconducting region 1, is
024, 104, 4, 024,
or? r Or r? 022

=0 1)

Finally, in the core where the flow velocity is zero, the cor-
responding partial differential equation for A; is
0%4; | 104y, A; | 0%, QA3

or? r or 222 usw’b—t 12)

B Boundary Conditions

If we assume a traveling current sheet of the form NI
expi(kz — wt)d acting in the coil where NI is the number of
ampere turns per unit length, the boundary conditions at the
coil 7 = Ry become £ [B] = O and £ X [H] = NI expt(kz —
wi)® where £ is the unit normal to the surface » = RByand [ ]
represents the jump of the quantity in the brackets Simi-
larly, since there is no circulating surface current sheet at the
interface between regions 2 and 3, the boundary conditions at
7 = Ry becomet [B] =0andf X [H] =0

In terms of the vector potentials, the boundary conditions
become at r = Ry,

04; 04y

oz o2 (13)

10 10 . .
o (rds) — o (rd,) = uoNI expi(kz — wt) (14)

and at r = Ry,
04, 04s
>~ or (15)
10 10
;& (TAQ) - 5;51" (7"43/ =0 (16)

where we have made use of the constitutive relations and 6§ =
uo/ s, 1 e, the ratio of the free-space permeability to the core
permeability It is also required that

Aj be finite at » = 0 (17)
and

A= 0asr—> = (18)

III Exact and Asymptotic Solutions for the
Complex Vector Potential A,

A Exact Solution

In what follows, we shall use the same symbol A for the r
dependent part of the vector potential This should not
cause any confusion Seeking a solution in region 2 of the
form A,(r) expi(kz — ot) and substituting into Eq (10), we
obtain

d?A, 1dA, 1
dr? rodr (F’ + a2> A2 =0 (19

where the separation constant o, using w/k = V, is given by

o=k {1 i ("";ﬂ’;“’)(" ; U)}” ~ K1 — i (20)

In Eq (20), the first quantity in parentheses, ie , uoosw/k?,
represents the fluid magnetic Reynolds number R,.) based on
wave speed and wavelength The second quantity in paren-~
thesis (V — U)/V, represents the slip S Wehave defined the
product B8 = 8 Defining the complex separation con-
stant @ by o = a; + tas, then from Eq (20) we obtain for the
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real and imaginary parts

a = k31 Qg = kﬁ2 (21)

where

1 1/2
8= g1+t + g

- _ 8 22
B: 2121 + (1 + By'2) (22)

Recognizing Eq (19) as the modified Bessel equation of
order one, the general solution for the complex vector potential
Ag iS

Ao(r,z,ty = {Coli(ar) + CiKi(ar)} expilkz — wl)  (23)
where I; is the modified Bessel function of the first kind of
order one, K; is the modified Bessel function of the second
kind of order one, and C» and C; are arbitrary complex con-
stants to be determined Similarly, the general solution of

Eq (11) in the form A;(r) expi(kz — wt), and which satisfies
condition (18), is

Ai(rzt) = CKi(kr) expi(kz — ot) (24)
where () is an arbitrary complex constant to be determined
Finally, the general solution of Eq (12), satisfying condition
(17), is

As(rz,t) = Cudy(yr) expi(kz — ot) (25)

where C, is an arbitrary complex constant to be determined
and vy is the complex separation constant given by

v = k{1 — imoxo/k2}12 = k(1 — 4912 (26)

In Eq (26), the quantity € = psosw/k? represents the core
magnetic Reynolds number based on wave speed and wave-
length  Defining the complex separation constant vy by
v = 1 + ©7v., then from (26) we obtain for the real and im-
aginary parts

1 = ke Y2 = ke (27)
where
1 1/2
lez[l + (1 4+ 62)1/2]

€

T[] 4 (1 + eyriae

Substituting the solutions (23-25) into the boundary condi-
tions (13-16), yields the following four linear algebraic equa-
tions for the four complex constants, Cy, Cs, Cs, and Cy:

CiK (kRy) — Coli(aRy) — C:Ki(aRy) = 0 (29)
CilkKo(kRo)] — Calalo(aRy)] — Cs[aKo(aRe)] =

—ueNI  (30)

Coli(aRy) + CsKi(aR) — Cud(yR) = 0 (31

Colalo(aR)] + CslaKo(aR)] — Ch[yI(vR)] = 0 (32)

where the identities (1/8)(d/d&)(¢I) = Iy and (1/£)(d/d§)
(¢K,) = Kyhave been used
Solving for the constants C; and Cs, we obtain

(NI M, (moNI) M

il

€

(28)

€ =

Co = M, + M Co = 3, + ity Y

where

My = Ki(kRo) [0vKi(aB)Io(YR:) — odi(yR)Ko(adis)]

M, = dvK (aR)I(vRy) — ali(yR)Ki(oRy)

M; = alo(aRg)Ki(kRy) — kI, (aRy)Ko(kRy)

My = ali(yR)l(aRy) ~ vl (aR)I(yRyY)

M5 = aKo(aRo)Kl(kRo) - k‘Kl(aRo)Ko(k'Ro)

Ms = Ki(kRo)[ali(vR)o(aly) — dvI(aR)l(vE))



270 J L NEURINGER

Thus, the exaet solution for the complex vector potential in
the annular region 2 is given by Eq (23) with C; and C; given
by Eq (33) Using Eq (23), the magnetic field components,
the electric field, and the current density are determined from
Eqgs (6, 8, and 9), respectively Since we shall be concerned
principally with an examination of the induced axial body
force which involves the product of the radial component of
the magnetic field and the current density, we have, in par-
ticular,

04, .
Bz, = - —a—z = —lkAz
(34
. 0A OA .
J2 = — 09 <?t2 + U b—:>= ZO‘2(USA2

where B; and j; are complex quantities

B Asymptotic Solution for the Case When
kR < 1, leRi| « 1, and |yRi| < 1 Simultaneously

We use the following asymptotic forms* for the four dif-
ferent Bessel funections involved in the foregoing solution for
A, when the absolute value of the argument is very much less
than one:

Iz ~1 Li(z) ~2/2
Ko(z) ~ —{In(2/2) + p}
K@) ~ —2/2{In(2/2) + p — 4} — (1/2)

where p = Euler’s constant Substituting into Eq (33), C;
and C reduce to

uolNT _ (NI Ry2a(l — §)

Ca~ 26

Cs ~

The complex vector potential of Eq (23) reduces to

2(1 —
AZ(T;'Z:t) ~ E%I [T + W:I eXpZ(kz - wt) (35)

C Asymptotic Solution for the Case When
kR, > 1, |aRy| > 1, and |yR:] > 1 Simultaneously

When the absolute values of the argument of the Bessel
functions are very much greater than one, the functions re-
duce to the following asymptotic forms!!:

2

¢ e
(2wz)/2 (2mz)1/2

Ko(2) ~ <%>1lz o Ki(z) ~ — (;r_z>112 ot

Substituting the foregoing asymptotic forms into Eq (33), C:
and C; reduce to

Io(2) ~ I(z) ~

_ (1oNI) 2raRe)%e~*Fo(q -+ §7)
~ (aF B)(a+ by) — e tE = Ri(q — k) (a ~ 87)
(36)

Ce

_ (NI (2aRy/7) 2% (o — 8)
‘ g2l = (g + k) (@ + 87) — (@ — k) (o — &%)
Using the foregoing asymptotic forms for I1(ar) and Ki(ar)

and the forementioned expressions for Cs and Cs, Eq (23) re-
duces to

C: =
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W, and W, are real Remembering that o« = %8, + k8, and
¥ = ke 4 tke;, and rationalizing in the usual way by multi-
plying numerator and denominator by the complex conjugate
of the denominator, we obtain, after some lengthy caleulation,

REo\v2 |
As(r,2,t) ~ (uaNI) <7> expi(kz — wb) X

(P\P; 4 PyPy) + i(P\Py — Pﬁ)} 39)
P2 4 Py

where

Py = k{[l + BIkR(B + de)] — BelkRu(B: + be)]} +

kexp[_2le.Bl<% - 1>] {8 — 1][—kRy(B) — de))] —
62[]{}R1(662 —_ Bz)]} COS [2’£R1,62<% —- 1 ):, —l—
k exp[—%&&(%‘) - 1>:| {Bo[—kR\(B — be)] +

(81 — 1][kRy(de; — Bo)]} Sinl:2kR1,82<%) — 1)]

Pz = k{.82[kR1(61 + 561)1 + [,31 + 1][kR1(ﬁ2 + 562)]} -+

ess| —2emigi( = 1) | (bG8 — 5] +
81 = ki Ge — 1) cof 26t 2 — 1) | -
kexp[—sz,&(%’ -~ 1)} {181 — 1][—kR\(B, — 8e1)] —
Be[kRi(bes — o)1} Sinl:ZkR162<% — 1>:|

Py(r) = exp[ —leﬁl(% - Z%)]{[k&(ﬂl + 8e)] X
o~ ol )]
{[ka(Bz + de) ] Sin[leﬂ2<%° - 1%):]} _
R,
expl:—leﬁl(}i -2+ Z%):’ X
{ (—kR(B1 — de)] cos[leﬂz(% —24 R;)]‘} —
R
eXpI:—kR1;81<h‘? — 24 Z%):I{[kﬁl(ﬁez — By] X

. Ro r
af a5 -2+ ) |
:

Pur) = exp| =k = TV k(8 + 001 X
R, R,

COSI:IGRuBz(%: - F;—})il}—— exp[—k&ﬁl(%’ — I%)] %

As(r2,) ~ (4oNT) (%)”2 expilkz — wh) { (o

Each electromagnetic variable sought is represented by the
real part of its corresponding complex quantity Now, to use
the complex vector potential 4, to derive expressions for the
real parts, it is necessary that the quantity in the braces of
Eq (37) be explicitly expressed in the form W, 4- {W; where

+ 8v) expl—a(Bo — 1)] + (o — &v) expl—a(Ro — 2R; + r)]}
(@ + E)a + 07) — (@ — B)(a — &) expl —2a(Ry — R1)]

37

{ l6Ry(B: + 5] sin[m@(%’ - Z%)]} -

epr:—kRn&(% P Rg)}{[ml(a@ — B X
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cos[kRﬁz(% -2+ l%):l} +
exp[ kR151< -2+ ):I{ [—ER(B: — de)] X
sin[:leﬂg(%’ -2+ ig)]}

where P; and P, depend on r, whereas P; and P; do not

IV Induced Axial Body Force

The Lorentz force per unit volume acting on a current-carry-
ing element is F = j X B For region 2, in terms of real
quantities, Fo = (Rjs) X (R.By) Carrying out the cross

product, we have, in component form, Fa, = —(R,7)(R B;)
and Fas, = (Rej2)(R Bs;) In particular, using Eq (34),
Fy = owkS[R (14:)12 (39)

Using Eq (39), we now develop expressions for the induced
axial body force for the two limiting cases just considered

Case a: kR, « 1, |aRy| « 1 and |yR:| <« 1 simultaneously
Substituting Eq (35) into Eq (39), we obtain

(uoNI) (GacohS) [ Rlz(ia_ 6)]2 %

cos2<kz -l 4 321) (40)

Fy ~

where B; < r < Ry

The axial force averaged over a cycle is

B2 ~ 6)]2

Mo 27.8
(F2 () ~ 5 (NI ﬁ[r + 2

(41)

where we have used (uooew/k%S = B In particular, at the
inner wall r = Ry, Eq (41) becomes

(Fo(B)) ~ o (NI )2 (kR1)35 (42)

It is seen from Eq (41) that the induced axial body force
at any station in the annulus, for the limiting case kR; « 1,
laR)| « 1, and |yR)| « 1 simultaneously, is directly pro-
portional to 8 Thus, when S < 0 then 8 < 0, and therefore
{F;) < 0 corresponding to generator action When 8 or S is
positive, acceleration occurs It is further noted that the axial
foree is proportional to the cube of the wave number, inde-
pendent of the core magnetic Reynolds number € and, at the
inner wall, inversely proportional to the square of the perme-
ability ratio

From the practical viewpoint, the small kR; « 1 ete solu-
tion is quite uninteresting Given the current sheet input N7
and geometry R;, the force at R, for example, varies as the
cube of (kR;) [see BEq (42)], so that operating at large wave-
lengths produces small forces Let us, therefore, proceed to
examine in detail the second and more significant of the
asymptotic forms

Caseb: kR, > 1, |aR)| > 1 and {yR:! > 1 simultaneously
Substituting Eq (38) into Eq (39), we obtain
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(PLPy — PoP3)? cos?(kz — wt + w/2)
[P12 _I__ P22]2
The body force averaged over a cycle is
(uoNI)2 (1_39 Pa*(r) 4 Pg(r)
<F2 (T)) ~ 2 r ) (O'Zwks) { P2+ Py } (44)

Examining the expressions for P; and Py, it is noted that k is
a common multiplier of each term in the expressions both for
P;and P; Hence, defining P; = kT, and P, = kT, and re-
calling that (ueoww/k?) S = B8, Eq (44) becomes

<N1>2ﬁ<kR1>< )[M] 45)

Ls =

(P ) ~ e
Evaluating Eq (45) at the inner wall » = R; and remembering
that 8, and B, depend on 8 [ie, see Eq (22)], and ¢ and e
depend on € [see Eq (28)], Eq (45) becomes

Ry
(Fo(By)) ~ é% (NI)G { El,(le)ﬁ,ﬁ,é} (46)
where
Ry P2(R)) + P2(R)
G{E’ (kR1);5;5,E} ﬁ(lclh)( >[—W]
(47)

With the current sheet input N7 and inner radius B, pre-
assigned, it is seen from Eq (47) that the induced axial
body force at the inner wall is a funection only of the five non-
dimensional parameters Ro/Ry,(kR,),5,8, and ¢ In the next
section, we shall examine the variation of G with each of the
five parameters From the very nature of the skin effect, it
should be emphasized here that the behavior of the induced
axial body force at R; as a function of these five parameters
reflects exactly the behavior at every radial position in the
annular region and even that of the total integrated force
across the annulus Thus, for example, the particular com-
bination of parameters which maximizes the force at R; will
maximize the force at every other radial position, and hence,
the total integrated force over the cross section Finally,
since the quantity in the square brackets of Eq (45) is
positive, it is again observed that the force is retarding when
8 (or 8) is negative and accelerating when 8 (or S) is positive

V Numerical Results and Discussion

The behavior of the dimensionless axial body force, eval-
uated at r = R; [ie, G of Eq (47)], with respect to the five
dimensionless parameters Bo/R;,(kR,),5,8, and ¢ was calcu-
lated using the Avco IBM 7094 computer The results are
shown in Figs 2-8

Let us first consider the behavior of G as a function of 8
(i e, the product of the fluid magnetic Reynolds number based
on wave speed and wavelength multiplied by the slip), for
various values of the other parameters Figures 2-4 show
the variation of G with B for the three radius ratio cases
Ro/R; = 15,12, and 1 1, respectively, for the value (kR;) =
10 Four curves are displayed in each figure, each curve
représenting a (8,€) combination of particular significance
Thus, the curve labeled § = 1, e = 0, corresponds to operation.
in an annulus with a hollow core The curve labeled 6 = 1,
e = 3, corresponds to fluid injection and acceleration over the
entire cross section The curve labeled § = 1073, ¢ = 108
corresponds to operating in an annulus with a core whose
permeability is a thousand times that of free space but in
which eddy currents are free to flow, and finally the case § =

R
F2 ~ (MONI)2 (_7-9) UgwkS{Ll + L2 + Lg} (43)
where
I = (P,P3 4+ PyPy)? cos?(kz — wt + 7/2)
b [P + P2]2
I, = 2(PyP; -+ PyPy)(PyPs — PyPs) sin(kz — wt + 7/2) cos(kz — wt + w/2)
g = —

(P2 + P22
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Fig 2 Asymptotic behavior of dimensionless axial body

force evaluated at the inner radius with fluid magnetic

Reynolds number (based on wave speed and wavelength)
multiplied by the slip

1073, ¢ = 0 corresponds to the preceding case, but with the core
material sufficiently laminated so that no circulating eddy
currents are permitted to flow From Figs 2-4; the following
six observations can be made:

1) The over-all similar behavior with 8 of the four dif-
ferent (8,€) curves in each figure may be noted That is, for
each curve, G varies linearly with 8 for small B, reaches a
peak, and then falls exponentially with increasing 8 The
position of the corresponding maximum moves to the right
with decreasing Ry/R;

2) By comparing the behavior at low 8 (i e, the linear in-
crease of G with ), with the behavior across the remainder of
the B3 spectrum, one notes how vividly displayed is the phe-
nomenon of the skin effect The low 8 behavior is the one
usually assumed when naively neglecting the skin effect
Hence, from the point of view of application, one would
argue that all that is required to increase the electromechani-
cal coupling is to increase the value of 8 indefinitely How-
ever, beyond the peak @, the conducting fluid rapidly begins
excluding more and more of the electromagnetic field so that
the induced forces begin to fall exponentially with large

3) Consistent with the first conjecture made in the in-
troduction, the existence of a peak force for a certain value of
8 does suggest that the best one could hope for (having once
decided on the nature of the core) is to adjust the transmission
line parameters (k,) and those of the conducting fluid (o, U)
so that operation occurs at the value of 8 which maximizes ¢

4) Consistent with the third conjecture made in the in-
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Fig 3 Asymptotic behavior of dimensionless axial body

force evaluated at the inner radius with fluid magnetic

Reynolds number (based on wave speed and wavelength)
multiplied by the slip

troduction, one notes the significant increase in @, at peak G,
when operating with a laminated core of high permeability
(eg, the case § = 1073, ¢ = 0) At peak G, G increases
roughly by a factor of four for the case Ro/R; = 1 5, the factor
decreasing slowly with decreasing radius ratio

5) Comparing the magnitude of G, at corresponding 3
values, with increasing Ro/R; illustrates the absurdity of
operating over the entire cross section as compared with
annular operation For example, it is noted, comparing the
Ro/R; = 1 5 curves with those for Ry/R; = 1 1, that even for
very low f’s (where the skin effect is weak), the corresponding
forces have decreased by more than three orders of magnitude,
and for B’s approximately five or so, the forces have decreased
by six to seven orders of magnitude Thus, it is only the
small annulus of fluid near the coils that actually experience
any significant inductive effects, and, consistent with the
second conjecture of the introduction, no advantage is
gained in attempting to accelerate (or decelerate) more fluid
by injecting over the entire cross section

6) Excluding the exceptional case 6 = 1073 ¢ = 0, the
slight differences in the magnitude of G among the remaining
three curves in each figure is attributable to the counter
balancing roles played by eddy currents and permeability
If eddy currents are permitted to flow, the mutual induction
of all the circulating currents in the region r < R, on any ring
circuit By > r > R; would have the effect of decreasing the
total flux through the ring » so that the magnitude of the in-
duced current there would be less than it would be if no core
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Fig 4 Asymptotic behavior of dimensionless axial body

force evaluated at the inner radius with fluid magnetic

Reynolds number (based on wave speed and wavelength)
multiplied by the slip

currents were permitted to flow (or if the core were hollow)
On the other hand, since large permeability increases the flux
of the radial component of the magnetic field, the force ulti-
mately induced would depend on which of these two effects
succeeded in outbalancing the other For example, consider
Fig 4at 3 =05 Thevalue of Gforthecased =10,e =8
is less than that for the case 6 = 1, e = 0 This is so because
the mutual effects of the small currents still circulating in the
fluid region r < R;, decreases the net flux through the ring
r = R, so that the current induced at » = R, is less than it
would be were the core hollow (ie, § = 1, ¢ == 0) On the
other hand, the insertion of the core 6 = 1073, ¢ = 10° has the
effect of increasing the value of G only slightly above the case
6 =10, e = 0 In this case, the increased B, due to the
higher permeability slightly overpowers the stronger mutual
induction effects of the larger circulating core currents so that
the force induced turns out to be slightly larger Further, the
existence of a crossover point is to be noted (ie, at 8 ~ 1)
where this latter situation reverses itself

Figures 5-8 are mainly elaborations on the six observations
just discussed Figure 5 represents the variation of G with 6
for the particular values of By/R; just discussed keeping the
remaining three parameters fixed For each Ro/E:, G is pro-
portional to some negative power of § for large 6 and then
asymptotically approaches a finite limit as the permeability
of the core material goes to infinity Figure 6 shows the
variation of G with Ry/ R, for the various (4,€) combinations just
used keeping the remaining parameters fixed The general
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Fig 6 Asymptotic behavior of dimensionless axial body
force evaluated at the inner 1adius with annulus radius
ratio

behavior is marked by a very rapid exponential decrease of G
with distance from the coil To be noted once again is the
marked role played by the skin effect A decrease in depth
of approximately 109, from Ro/R; 0of 1 1 to 1 2, attenuates the
foree by a factor of the order of thirty
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Figure 7 is a plot of ¢ against (kR,) for various values of e
keeping the remaining three parameters fixed As the ratio
of the inner radius to the operating wave length increases, G
rapidly decreases exponentially — Operating a traveling wave
device at the smallest value of % possible (i e, consistent with
the condition kR, > 1) to produce large G’s may or may not
prove advantageous This is so because G also depends on 8
which in turn is inversely proportional to k2, and we have al-
ready observed the attenuating effect on G when 8 is made
too large However, the foregoing remarks do suggest the
existence of definite values for (kR;) and 8 which render G a
maximum [As far as the remaining parameters are con-
cerned, Ry/R; is preassigned while one chooses and laminates
(e ~ 0) the best available magnetic material (§ ~ 0) ] The
optimizing values of the parameters (kR;) and B3, and the
corresponding maximum value of G could, in principal, be ob-
tained analytically by applying the usual methods of the
differential calculus to the function G Figure 8 represents
the variation of ¢ with e for various values of By/R; keeping
the remaining three parameters fixed Note that ¢ decreases
only slightly with e over the range of € spanning five orders of
magnitude

In conclusion, it should be remarked that the results
for the intermediate case, ie, kREi, |aR|, and |vRi| of
order one simultaneously, require making full use of the Bessel
functions of complex argument, and are not discussed here
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